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Abstrat
The random ber bundle (RFB) model, with the strength of the bers distributed uniformly
within a nite interval, is studied under the assumption of global load sharing among all un-
broken bers of the bundle. At any xed value of the applied stress σ (load per ber initially
present in the bundle), the fration Ut(σ) of bers that remain unbroken at suessive time
steps t is shown to follow simple reurrene relations. The model is found to have stable
xed point U⋆(σ) for applied stress in the range 0 ≤ σ ≤ σc, beyond whih total failure of
the bundle takes plae disontinuously (abruptly from U⋆(σc) to 0) . The dynami ritial
behavior near this σc has been studied for this model analysing the reurrene relations.
We also investigated the nite size saling behavior near σc. At the ritial point σ = σc,
one nds strit power law deay (with time t) of the fration of unbroken bers Ut(σc) (as
t→∞). The avalanhe size distribution for this mean-eld dynamis of failure at σ < σc has
been studied. The elasti response of the RFB model has also been studied analytially for a
spei probability distribution of ber strengths, where the bundle shows plasti behavior
before omplete failure, following an initial linear response.
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I. Introdution
A typial relaxational dynamis has been observed in a strained random ber bundle (RFB)
model [1-8℄ where N bers are onneted in parallel to eah other and lamped at their
two ends and the strength of the individual bers has some partiular distribution (white,
Gaussian or otherwise). In the global load-sharing approximation [1, 2℄, at any instant, the
surviving bers all share equally the external load (irrespetive of their proximity et. of
the ber to failed bers et.). Initially, after the load F is applied on the bundle, a fration
of the bers having strength less than the applied stress σ = F/N fail immediately. After
this, the total load on the bundle redistributes globally as the stress is transferred from
broken bers to the remaining unbroken ones. This redistribution auses seondary failures
whih in general auses further failures and so on. After some relaxation time τ , whih
depends on σ, the system ultimately beomes stable if the applied stress σ is less than or
equal to a ritial value σc, and beyond whih (σ > σc) all the bers break and the bundle
fails ompletely. Although the loal load sharing might be more realisti, we study here the
global load sharing model beause of its simpliity. The study of the saling properties of the
dynamis of the ber bundle model systems is expeted to be extremely useful in analysing
the statistis of frature and breakdown in real materials, inluding earthquakes [9, 10℄.
In this paper, we report on the ritial dynamis of the RFB model in the global load-
sharing ase, assuming uniform distribution of threshold strength of the bers (up to a
uto), in partiular at the ritial point σc. In a previous paper [11℄, we have solved
the dynamis of the model, showing a novel ritial behavior as the stress σ approahes a
ertain value σc; we had derived there the expressions for the breakdown suseptibility χ
and the relaxation time τ under a stress σ < σc and showed that both the quantities diverge
following power laws as σ approahes σc from below. Here we dene an order parameter for
the transition from a state of partial failure of the bundle to a state of total failure and also
show that at the ritial stress σc, the dynamis follows a preise and strit power law. From
the nite size dependene of σc and the order parameter we have identied the orrelation
length exponent of the system. We have studied the avalanhe size statistis in the model
as well. Considering a modied (uniform but shifted from the origin) distribution of ber
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strengths we have studied analytially the elasti-plasti deformation harateristis [4℄ of
the RFB model.
II. The model
The RFB model onsists of N elasti bers lamped at two ends (Fig. 1), where the failure
stress of the individual bers are distributed randomly and uniformly in the interval between
0 and 1 (white or uniform distribution; Fig. 2). Global load sharing is assumed; i.e., the
applied load on the bundle is equally shared among all the existing intat bers. This
assumption neglets `loal' utuations in stress (and its redistribution) and renders the
 
 
δ
F
Fig. 1: The RFB model onsists ofN bers. The bundle is subjeted to a load F . Assuming linear elastiity,
with idential elasti onstant κ for eah of the ber up to the breaking, the load F an be expressed as Nκδ
where δ denotes the strain for the bers until any of them breaks. The breaking strengths of the bers are
assumed to be random, as disussed later.
Fig. 2: The simplest model onsidered here assumes uniformly random distribution or white distribution
ρ(σ) for the strength of the bers up to a (normalised) uto strength. This distribution gives the reurrene
relation (1).
model as a mean-eld one. We work with the fration Ut ≡ Nt/N ; Nt being the number of
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bers remaining intat after t time-steps and Nt=0 = N .
With the appliation of any small load F (= σ N , with σ ≪ 1) on the bundle, an initial
stress σ (load per ber) sets in. At this rst step therefore, σN number of bers break, leaving
NU1(σ) = N(1− σ) unbroken bers. After this, the applied fore is redistributed uniformly
among the remaining intat bers and the redistributed stress beomes F/[NU1(σ)] = σ/(1−
σ). Some more bers, for whih the strengths are below the value of the redistributed stress,
fail thus leaving NU2(σ) = N [1 − σ/(1 − σ)] unbroken bers. This in turn inreases the
redistributed stress and indues further failures. Consequently, as the stress per ber σ(t)
at time t is given by F/NUt = σ/Ut and the surviving fration is given by 1−σ/Ut (see Fig.
2), Ut(σ) follows a simple reurrene relation
Ut+1(σ) = 1−
σ
Ut(σ)
. (1)
III. Breaking dynamis of the RFB model
The reurrene relation (1) has the form of an iterative map Ut+1 = Y (Ut). Its xed point
U⋆ is dened by the relation: U⋆ = Y (U⋆) and from eqn. (1) one gets
U⋆(σ) =
1
2
± (σc − σ)
1/2; σc =
1
4
. (2)
The quantity U⋆ must be real valued as it has a physial meaning: it is the fration of the
original bundle that remains intat under a xed applied stress σ when the applied stress
lies in the range 0 ≤ σ ≤ σc. For σ > σc the map does not have a real-valued xed point
and as an be seen from (1), the dynamis never stops until Ut = 0 when the bundle breaks
ompletely. Sine it requires that |dY/dU |U⋆(σ) <1 for a xed point U
⋆(σ) to be stable, for
eah value of σ the value of U⋆ with the positive sign in eqn. (2) represents a stable xed
point (or attrator) while the value of U⋆ with the negative sign in eqn. (2) represents an
unstable xed point (or repeller). It may be noted that the quantity U⋆ − 1/2 behaves like
an order parameter that determines a transition from a state of partial failure (σ ≤ σc) to a
state of total failure (σ > σc) :
O ≡ U⋆ − 1/2 = (σc − σ)
β; β =
1
2
. (3)
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IV. Critial behavior
(a) For σ < σc
To study the dynamis away from ritiality (σ → σc from below), we replae the reurrene
relation (1) by a dierential equation
−
dU
dt
=
U2 − U + σ
U
. (4)
Close to the xed point we write Ut(σ) = U
⋆(σ) +ǫ whih, following eqn. (4), gives [11℄
ǫ = Ut(σ)− U
⋆(σ) ≈ exp(−t/τ), (5)
where τ = 1
2
[
1
2
(σc − σ)
−1/2 + 1
]
. Approahing σc from below we get
τ ∝ (σc − σ)
−α;α =
1
2
(6)
as the relaxation time of the model and it is found to diverge following a power-law as σ → σc
from below. Although, we have used here the ontinuum-time version (4) of the reurrene
relation to evaluate the relaxation time (τ), we have heked numerially as well from the
disrete-time reurrene relation (1) and obtained the same exponent value.
One an also onsider the breakdown suseptibility χ, dened as the number (fration)
of bers that break due to an innitesimal inrement of the applied stress [11℄
χ =
∣∣∣∣∣dU
⋆(σ)
dσ
∣∣∣∣∣ = 12(σc − σ)−γ ; γ =
1
2
(7)
from equation (2). Hene χ too diverges as the applied stress σ approahes the ritial value
σc =
1
4
. Suh a divergene in χ had already been observed in the numerial measurements
[5, 6℄.
(b) At σ = σc
At σ = σc the fration of bers surviving is U
⋆(σc) =
1
2
and |dY/dU |U⋆(σc) = 1 whih suggests
that the system will take innite time to reah the xed point at σc. From the reurrene
relation (1) it an be shown that this deay of the fration Ut(σc) of unbroken bers that
remain intat at time t follows a simple power-law:
Ut =
1
2
(1 +
1
t + 1
), (8)
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starting from U0 = 1. For large t (t → ∞), this redues to Ut − 1/2 ∝ t
−1
; a simple but
strit power law.
V. Finite size eets and orrelation length exponent
For a nite bundle of N bers, the reurrene relation (1) will be replaed by
Nt+1(σ) = N −
⌊
N2σ
Nt
⌋
, (9)
where ⌊x⌋ denotes the greatest integer less than or equal to x. Here the xed point is
obtained when Nt+1 = Nt = N
⋆
and the value of N⋆ is bounded by the relation
N
[
1
2
+
(
1
4
− σ
)1/2]
≤ N⋆ <
1
2
(N + 1) +
[
1
4
(N + 1)2 −N2σ
]1/2
, (10)
whih learly depends on the nite size of the system. Consequently the eetive ritial
point σc(N) for the nite RFB model is bounded as:
1
4
≤ σc(N) <
1
4
[1 +
1
N
]2. (11)
It follows from eqn. (10) that, at σc =
1
4
, the xed point value N⋆ for a nite bundle deays
with the initial bundle size N following a power law
N⋆σc=1/4 −
N
2
∼ N1/2. (12)
Sine the quantity U⋆−1/2 in eqn. (3) behaves like an order parameter for a phase transition,
the orresponding quantity in a nite bundle of N bers would be
N⋆ − N
2
N
≡ U⋆N −
1
2
. (13)
Expressing the orrelation length as ξ ∝ (σc − σ)
−ν
in the innite system and ombining it
with eqn. (3) for a nite size system (where ξ ∼ N), the nite size saling behavior an be
written as
U⋆N (σc)−
1
2
∼ N−β/ν . (14)
Sine β = 1/2, as obtained earlier from eqn. (3), we get ν = 1 by omparing eqn. (14) with
eqn. (12).
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VI. Avalanhe size distribution
We now study the avalanhe size distribution in this mean-eld model. If one onsiders
stritly uniform strength distribution of the bers in this model, one an not meaningfully
approah the failure point by breaking the weakest ber and looking for the avalanhes of
suessive failures of the bers, following the avalanhe denition of Hemmer et al [2, 3℄. If
we apply this denition in the above (restrited) model, we will end up with only two distint
sizes of avalanhes: (N/2) avalanhes of unit size and one avalanhe of size (N/2). This will
our due to the perfetly uniform strength distribution of the bers (with the suessive
strength of bers diering by 1/N). To work therefore with a more general denition of
avalanhe , we inrease the external load on the bundle steadily suh that the external
load F inreases by an equal amount (dF = Ndσ) at eah step (f. [7℄). This ensures
the bimodal, yet dereasing, distribution funtion mentioned above to beome a smooth
(deaying) funtion. Operationally also, this proedure is quite ommon and an be applied
to dierent ases and to bundles with dierent types of strength distribution ρ(σ) of bers.
Here, the fration of bers m whih eventually fail due to this inrease in load or stress may
be onsidered as the avalanhe size:
m =
dM
dσ
;M = 1− U⋆(σ). (15)
With U⋆(σ) from (2) we get
σc − σ ∼ m
−2. (16)
If we now dene the avalanhe size probability distribution by P (m), then P (m)∆mmeasures
∆σ, the number of times one has to hange σ (by dσ) to get a hange ∆m along the m versus
σ urve in (16). In other words,
P (m) =
dσ
dm
∼ m−η; η = 3. (17)
This mean-eld result for P (m) (power law deay with exponent η = 3) is obtained
here for global load sharing and uniform ber strength distribution when the external load
is inreased by a xed amount. We have heked this result numerially for dierent dσ
values ( = 1/N) for bundles with 50, 000 bers having both stritly uniform and uniform-
on-average strength distributions. The results are shown in Fig. 3. The earlier numerial
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results of Moreno et. al. [7℄ for Weibull type distribution of ber strength also onrms the
relation (16), whih implies that the umulative distribution dereases with avalanhe size
m as m−2, in agreement with (17).
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Fig. 3: The log-log plot of the average avalanhe size distributions P (m) against m for N = 50, 000
with dσ = 1/N for stritly uniform ber strength distribution (ross) and uniform-on-average ber strength
distribution (averaged over 501 bundle realisations; plus). The dotted line has a slope η = −3.0, representing
eqn. (17). The inset shows the avalanhe size distributions for uniform-on-average ber strength distribution,
when (a) the external load inreases by a xed amount dσ = 1/N (plus) and (b) the avalanhes are triggered
by breaking the next weakest ber (star).The dotted and dashed lines in the inset orrespond to η = −3.0
and η = −2.5 respetively.
This result (17) for the avalanhe size distribution P (m) is therefore valid for other
distributions of ber strength (f. [7℄), when the avalanhe size is dened through (15).
If one looks for the statistis of avalanhes initiated by breaking the next weakest ber in
bundles with uniform-on-average ber strength distribution, as in Hemmer et al [2, 3℄, then
one gets η = 5/2. This is shown in the inset of Fig. 3, where the avalanhes are dened
in both ways: with xed inrease in σ (giving η = 3.0) and by breaking the next weakest
ber (giving η = 2.5). The dierene in the above exponent values therefore originates
from dierent ways of dening the avalanhes; in our method of dening avalanhes here,
7
the external load on the bundle inreases uniformly, while in the other method the external
load inrease has intrinsi utuations due to the randomness of the ber strengths and the
restrition on initiating the avalanhes by breaking only the next weakest ber.
VII. Plasti deformation and stress-strain relation
One an now onsider a slightly modied strength distribution of suh a ber bundle, showing
plasti-deformation harateristis [1, 4℄. For this, we onsider a RFB strength distribution,
having a lower uto. Until failure of any of the bers (due to this lower uto), the bundle
shows linear elasti behavior. As soon as the bers start failing, the stress-strain relationship
beomes nonlinear. The dynami ritial behavior remains essentially the same and the stati
(xed point) behavior shows elasti-plasti deformation before rupture of the bundle.
Here the bers are elasti in nature having idential fore onstant κ (see Fig. 1) and
the random ber strengths distributed uniformly in the interval [σL, 1] with σL > 0; the
normalised distribution of the threshold stress of the bers thus has the form (see Fig. 4):
ρ(σ) =
{
0, 0 ≤ σ ≤ σL
1
1−σL
, σL < σ ≤ 1
}
. (18)
Fig. 4: The ber breaking strength distribution ρ(σ) onsidered for studying elasti-plasti deformation
behavior of the RFB model. This distribution gives the reurrene relation (19).
For an applied stress σ ≤ σL none of the bers break, though they are elongated by an
amount δ = σ/κ. The dynamis of breaking starts when applied stress σ beomes greater
than σL. Now, for σ > σL the fration of unbroken bers follows a reurrene relation (for
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ρ(σ) as in Fig. 4):
Ut+1(σ) = 1−
[
F
NUt(σ)
− σL
]
1
1− σL
=
1
1− σL
[
1−
σ
Ut(σ)
]
, (19)
whih has stable xed points:
U⋆(σ) =
1
2(1− σL)
[
1 +
(
1−
σ
σc
)1/2]
; σc =
1
4(1− σL)
. (20)
The RFB model now has a ritial point σc = 1/[4(1−σL)] beyond whih total failure of the
bundle takes plae. The above equation also requires that σL ≤ 1/2 (to keep the fration
U⋆ ≤ 1). As one an easily see, the dynamis of Ut(σ) for σ < σc and also at σ = σc remains
the same as disussed in the earlier setion. At eah xed point there will be an equilibrium
elongation δ(σ) and a orresponding stress S = U⋆κδ(σ) develops in the system (bundle).
This δ(σ) an be easily expressed in terms of U⋆(σ). This requires the evaluation of σ⋆, the
internal stress per ber developed at the xed point, orresponding to the initial (external)
stress σ (= F/N) per ber applied on the bundle when all the bers were intat. From the
rst part of eqn. (19), one then gets (for σ > σL)
U⋆(σ) = 1−
σ⋆ − σL
(1− σL)
=
1− σ⋆
1− σL
. (21)
Consequently,
κδ(σ) = σ⋆ = 1− U⋆(1− σL). (22)
It may be noted that the internal stress σ⋆c is universally equal to 1/2 (independent of σL)
at the failure point σ = σc of the bundle. This nally gives the stress-strain relation for the
RFB model :
S =


κδ, 0 ≤ σ ≤ σL
κδ(1− κδ)/(1− σL), σL ≤ σ ≤ σc
0, σ > σc

 . (23)
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Fig. 5: Shemati stress (S)-strain (δ) urve of the bundle (shown by the solid line), following eqn. (23),
with the ber strength distribution (18) (as shown in Fig. 4).
This stress-strain relation is shematially shown in Fig. 5, where the initial linear region has
slope κ (the fore onstant of eah ber). This Hooke's region for stress S ontinues up to
the strain value δ = σL/κ, until whih no bers break (U
⋆(σ) = 1). After this, nonlinearity
appears due to the failure of a few of the bers and the onsequent derease of U⋆(σ) (from
unity). It nally drops to zero disontinuously by an amount σ⋆cU
⋆(σc) = 1/[4(1− σL)] = σc
at the breaking point σ = σc or δ = σ
⋆
c/κ = 1/2κ for the bundle. This indiates that the
stress drop at the nal failure point of the bundle is related to the extent (σL) of the linear
region of the stress-strain urve of the same bundle.
Here, the plastiity (nonlinearity) in the response of the bundle omes naturally from
partial failure of the bers (and the onsequent redistribution of stress among the surviving
bers), after the assumed linear region until the lower threshold σL of failure (18). The
total failure of the bundle is again disontinuous here and the entire nonlinear response
harateristis is analytially alulable in this simple model.
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VIII. Summary and onlusions
We have reported here an analyti study of the failure dynamis and the onsequent plasti
deformation harateristis of the random ber bundle model having the property of global
load sharing. This has been done here for uniform strength distribution ρ(σ) of bers in the
bundle (up to a uto). As mentioned before, this has been possible due to the inherent
mean-eld nature of the model. The reurrene relation (1) aptures essentially all the
intriguing features of the dynamis. We found that both the breakdown suseptibility χ and
the relaxation time τ diverge as the applied stress σ approahes its global failure point σc
(= 1/4 for the uniform strength distribution as shown in Fig. 2) from below, with the same
exponent value γ = α = 1/2. The ritial dynamis of the model follows a strit power
law deay at σ = σc: Ut − 1/2 ∝ t
−1
. Though we have identied O ≡ U⋆(σ) − 1/2 as the
order parameter (with exponent β = 1/2) for the ontinuous transition in the model, unlike
onventional phase transitions it does not have a real-valued existene for σ > σc. From
nite-size saling study, we see that there is a orrelation length whih diverges with an
exponent ν = 1, as σc is approahed from below. The avalanhe size distribution P (m) for
this mean-eld dynamis of the RFB model is given by P (m) ∼ m−η, η = 3. This has been
onrmed here numerially. As mentioned before, this result is valid for the avalanhe sizes
dened through (16), where the external load on the bundle inreases uniformly until the
total failure at σc. The present as well as the earlier numerial results [5, 7, 11℄ all onrm
that the analyti results for the exponents α, γ and η (for τ, χ and P (m) respetively)
are not neessarily restrited to the uniform distribution of ber strength (assumed here)
and are more generally valid. The model also shows realisti plasti deformation behavior
with a shifted (by σL, away from the origin) uniform distribution of ber strengths. The
stress-strain urve for the model learly shows three dierent regions: elasti or linear part
(Hooke's region) when none of the bers break (U⋆(σ) = 1), plasti or nonlinear part due
to the suessive failure of the bers (U⋆(σ) < 1) and then nally the stress drops suddenly
(due to the disontinuous drop in the fration of surviving bers from U⋆(σc) to zero) at
the bundle failure point at σ = σc (= 1/[4(1 − σL)] for the failure strength distribution
(18)). Simpliity of the model and onsequently of the reurrene relation for the breaking
11
dynamis allows it to have exat analyti results for all its stati and dynami behaviors of
breaking and the resulting plastiity.
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